We develop a general theory for thermal transport in anharmonic systems under the weak systembath coupling approximation similar to the quantum master equation formalism. A current operator is derived, which is valid not only in the steady state, but in the transient regime as well. Here we focus on the effects of anharmonicity on the steady state thermal conductance of a mono-and di-atomic molecular system. We also study molecules being confined in a double well potential. We find that when the molecules have a non-linear on-site potential the low-temperature thermal conductance is dramatically affected by the strength of non-linearity, whereas for the diatomic molecule connected by an anharmonic spring the strength of anharmonicity plays almost no role in the low-temperature regime. In case of the molecules confined in a double well potential we find that the height of the barrier greatly affects the thermal conductance; once the molecules can feel the effect of the barrier we observe negative differential thermal conductance at both high and low temperatures.
I. INTRODUCTION
The theory of thermal transport dates back to the works of Debye and Peierls 1,2 who studied the heat transfer within solids. In recent years the study of heat transfer in nano systems is very active due to the need in device applications. One approach is to look at the classical properties of heat transport using molecular dynamics 3 . This technique gives good insight in the hightemperature regime but cannot be applied to low temperatures. The low-temperature regime can be probed using nonequilibrium Green's function (NEGF) techniques, which are inherently quantum mechanical, but they suffer from the drawback of being suitable only to harmonic systems [4] [5] [6] . Anharmonic systems on the other hand provide a tool to control heat transfer in nano systems with potential technological applications, e.g., a thermal diode [7] [8] [9] and a thermal transistor 10, 11 . Some systems are purely anharmonic like the spin boson model 12 , a paradigm in condensed matter and quantum computation. Thus, it is important to study the effect of anharmonic interactions in thermal transport from a fundamental point of view. To this end Wang developed quantum molecular dynamics which can probe into the moderate temperature regime but can not be extended to very low temperatures 13 . Segal et al. developed a master equation approach which is valid for all temperatures but their technique employs the Pauli master equation 12, 14, 15 which neglects possible coherent effects. Velizhanin et al. combine the Green's function technique with the master equation approach but face the problem of non-conservation of energy 16 . Mingo 17 , Wang et al. 18 , and Santhosh. G et al. 19 have also developed techniques purely based on Green's function which treat the anharmonicity perturbatively.
Despite the various advances in molecular dynamics and NEGF techniques, the master equation approach seems the most suited tool to study thermal transport in anharmonic systems for arbitrary strength of anharmonicity under weak coupling to the baths. In this approach the heat current is calculated using the reduced density matrix along with an appropriate heat current operator. The reduced density matrix is typically calculated using a variety of master equations [20] [21] [22] [23] out of which the Redfield quantum master equation (RQME) is the most general equation with only the weak coupling approximation. The Pauli and the Lindblad master equations can be derived from it by introducing further approximations 24 . In this paper we will derive an explicit form of the heat current operator using standard perturbative techniques (for weak coupling) which along with the zeroth order contribution from the Redfield equation will allow us to calculate heat currents for anharmonic systems. One of the advantages of our formalism is that it can be used to study transients and it conserves energy in the steady state (without the need to symmetrize the heat current). In this work we will not address the problem of transients; we will focus on the calculation of the steady state heat current for mono-and di-atomic molecules either confined in a double well potential or connected by an anharmonic spring and having a non-linear on-site potential.
For molecules confined in a double well potential we find that by varying the height of the barrier we observe negative differential thermal conductance (NDTC) not only in the classical regime (high T ) but also in the quantum regime (low T ). However, in the problem with non-linear on-site potential and the anharmonic spring we find different behaviors of thermal conductance in all temperature ranges. Specifically at low-temperatures thermal conductance is drastically affected by the nonlinear on-site potential whereas in the same temperature regime anharmonicity plays almost no role.
The rest of the paper is organized as follows. In Sec. II we describe our basic model and the Redfield equation. In Sec. III we derive the heat current operator using only the weak coupling approximation with standard quantum mechanical perturbation theory. In Sec. IV we discuss the bath and system models studied in this work. In Sec. V we show our numerical results and comparisons with NEGF for the harmonic systems. Finally in Sec. VI we summarize our main conclusions.
II. BASIC MODEL AND THE REDFIELD QUANTUM MASTER EQUATION
Our basic model is similar to that used by many researchers for discussing thermal transport. It consists of a general system Hamiltonian connected to harmonic baths. The model Hamiltonian is thus of the CaldeiraLeggett type 25 ,
where H S is some system Hamiltonian, α is a bath label allowing us to introduce multiple baths, P α k and Q α k are the mass normalized normal variables of the α bath. The system-bath coupling strength parameter is ǫ, and S α is the system operator coupled to the α th bath. In general it can be any function of the system operators. The above Hamiltonian can be rewritten as,
where,
Here
is the collective bath operator that couples to the system. Throughout this paper we will set = 1 and k B = 1.
Assuming decoupled initial conditions for the total density matrix we can write the master equation for the reduced density matrix 24, 26, 27 as,
The relaxation coefficients are,
where
E i is the i th energy of the system Hamiltonian and C(τ ) = B α (τ )B α is the bath-bath correlator, wherẽ B α (τ ) is the free evolution operator according to
is the spectral density of the bath, and γ α (0) = π
is the damping kernel at time zero coming from the re-normalization part of the Hamiltonian (H RN ).
The above master equation is also known in the literature as the Bloch-Redfield master equation 20, 24, 28 . While deriving it we have made only the weak coupling assumption. Other approximations such as the secular or rotating wave approximation 29, 30 or neglecting the Lamb shifts 31, 32 are commonly applied to Eq. (3). However these are uncontrolled approximations and we will not resort to them.
We are primarily interested in studying the steady state heat current and hence to obtain the steady state reduced density matrix we will set t − t o = ∞, and dρ nm /dt = 0 in Eq. (3). On the other hand the reduced density matrix in Eq. (3) can be formally written as a series in the system-bath coupling parameter ǫ, truncated at second order as,
Recently Fleming et al. 33 discussed that the density matrix obtained by setting dρ nm /dt = 0 in Eq. (3) gives inaccurate results for the second order diagonal elements. However, we will see in Sec. III that the evaluation of heat current requires only ρ (0) to which Fleming's argument does not apply. Now in order to obtain ρ (0) we simply substitute the series Eq. (7) in Eq. (3) and equate to zero the coefficients of all the powers of ǫ. Thus by solving order by order we get the following equation for the steady state ρ (0) ,
and for i = j we get,
Therefore using Eq. (8) and Eq. (9) along with the normalization condition Tr(ρ (0) ) = 1 we can obtain the zeroth order contribution to the reduced density matrix ρ (0) .
III. HEAT CURRENT
Our system is connected with a semi-infinite left and a right heat bath 34 whose Hamiltonians H L B and H R B are defined in Eq. (2) . In this section we will derive a formula for the heat current starting from the basic definition, 12, 14 . Although this gives a simple form for the heat current operator, those approximations are not really needed, as will be shown here.
Using the Heisenberg equation of motion in Eq. (10) we obtain,
We recall that S L is the system operator connected to the bath operator B L of the left bath. The time evolution of the operator A L (t) is defined in terms of the evolution operator as, 
HereH α SB (s) is the free evolution operator according to U 0 (t, t o ). Using the above expression of the evolution operator in Eq. (13) we get,
is again a free evolution. In order to obtain Eq. (15) we have exploited the fact that the two heat baths are not directly coupled. We expanded only to first order since I L (t) in Eq. (11) is already first order in ǫ.
From now on to simplify notation we will drop the bath label α. It is worth noting that even though Eq. (15) has only the left bath label, the right bath comes in due to the free evolution of the operators (∵
. Now since in Eq. (15) we require only the free evolutioñ A(t) =F (t) ⊗Ẽ(t) we express the operatorsF (t) and E(t) in terms of the free evolving Hubbard operator at time t as,F
, where |n , |m are eigenvectors of the system Hamiltonian in the energy eigenbasis. Similarly,
is a sort of freely evolving Green's function of the system. Now the operator A(t) can be expressed in terms of X(t) using Eq. (16) and Eq. (17) in Eq. (15) as,
and we have used g kl nm (u; t) = e i (u−t)∆ kl δ k,n δ l,m . Finally, noting that B = 0 gives E(t) = 0, the heat current in Eq. (11) (without the left bath label "L") can be expressed as,
where S < and S > are defined in Eq. (21) and ρ (0) (t) is the lowest order contribution to the reduced density matrix 37 . This is one of the main results of this paper. In order to evaluate the transients in heat current we require ρ (0) and I at time t. I can be evaluated as long as we know the operators S >,< at time t. ρ (0) (t) can be calculated using the RQME (Eq. (3)) by taking ǫ very small while evaluating the bath-bath correlators C(τ ).
Clearly from Eq. (22) I = I † and hence the heat current I is real.
The correlator χ(τ ) = π
sin(ωu) + i cos(ωu) entering in the current operator I can be expressed in terms of the bath-bath correlator C(τ ) (Eq. (6)) used in the RQME since χ(τ ) is the derivative of C(τ ). Therefore the operator S < can be computed as,
Note that nothing particular to the harmonic baths has been invoked. Any other bath, e.g. spin baths, can be used as long as we can compute its bath correlators C(τ ) and χ(τ ). Thus only the relaxation ratesW and the operators S < , S > are affected. Now using Eq. (22) and Eq. (23) the heat current can be calculated in the steady state as well as in the transient where the S < operator has an explicit time dependence (some researchers refer to this as non-Markovian). In this work we are interested in the steady state heat current and as mentioned in Sec. II we will set t − t o = ∞. Since the bath correlator decays with time C(∞) will be zero for the steady state problem and thus only the transition ratesW will contribute to the the current operator I (see Eq. (23)). Therefore using Eq. (8), Eq. (9), Eq. (22), and Eq. (23) we can calculate the heat current flowing through the system.
IV. MODELS FOR SYSTEM AND BATHS

A. Bath Model
In order to describe the bath completely we need to specify a spectral density J(ω) which contains the information about the frequency distributions of the bath. Several forms of the spectral density are used in the literature based mainly on phenomenological modeling. Although the theory outlined in this work is not restricted to any particular form of the spectral density we will concentrate on the Ohmic spectral density with a LorentzDrude cut-off of the form,
where η is the system bath coupling strength squared (ǫ 2 ). One of the main advantages of using this spectral density is that we can calculate the bath correlators C(τ ) and the relaxation rates W analytically. Numerical decomposition of the spectral density is also used to analytically obtain the bath correlators, which reduces the computational costs 38, 39 . Decomposing the hyperbolic cotangent in Eq. (6) into its Matsubara frequencies (ν l = 2πlT ) and noting that the resultant equation has poles at ω = ±i ω D and ω = ±i ν l we can calculate the bath correlator using the theorem of residues as,
Once the bath correlator is obtained we can easily obtain the relaxation rates (W ) using Eq. (4) and Eq. (5) as,
B. System
Throughout our derivation of the formula for the heat current we have not specified the Hamiltonian of the system. In this work we will study the following systems; Model 1a: A monatomic molecule confined in a double well potential (Fig. (1a) ), Model 1b: A monatomic molecule with a linear + quartic non-linear on-site potential (Fig. (1b) ), Model 2a: A diatomic molecule confined in a double well potential where the atoms interact via a harmonic + quartic anharmonic spring (Fig. (1c) ), Model 2b: A diatomic molecule connected by a harmonic + quartic anharmonic spring having a quartic non-linear on-site potential (Fig. (1d) ).
In our models both on-site and coupling spring can be non-linear. However, we will restrict the use of nonlinear to the on-site potential and use anharmonic for the couplings. The Hamiltonian of the monatomic molecule (Model 1a and 1b) connected linearly via the position operator (S α = x; α = L, R) to two heat baths as shown in Fig. (1a) and Fig. (1b) is given by,
where ω 0 = √ k 0 and we have set the mass of the atom to unity. When δ = −1 the potential has a double well structure (Duffing oscillator). When δ = +1 (φ 4 model) the system has a linear on-site potential with spring constant k 0 plus a quartic non-linear term whose strength is governed by a parameter λ 0 .
The Hamiltonian in case of the diatomic molecule (Model 2a and 2b) connected linearly via the position operator (S L = x 1 , S R = x 2 ) to two heat baths (Fig. (1c) and Fig. (1d) ) is given by,
where ω 0 = √ k 0 , Ω = √ k and we have set the mass of the atom to unity. When δ = −1 similar to the monatomic case the diatomic molecule is confined in a double well potential and the atoms interact via a harmonic + anharmonic spring. In case of δ = +1 the model is generally referred to as the FPU-β model and the atoms in the system are connected to each other via a harmonic spring k and a quartic anharmonic spring governed by a parameter λ. Also each atom is subjected to a linear onsite potential whose spring constant is k 0 and a quartic non-linear on-site potential whose strength is given by a parameter λ 0 .
Model 1b and Model 2b are of particular interest since they represent phonon-phonon interactions and to our knowledge these models have not been studied till date from the quantum (low temperature) to the classical regime (high temperature) for strong non-linearity or anharmonicity. On the other hand Model 1a and Model 2a are completely non-linear models and as we will see later exhibit interesting properties like negative differential thermal conductance (NDTC) in quantum as well as classical regimes, which is a basic ingredient to build phononic devices like a thermal diode 40 .
C. Numerical details
In the numerical implementation, we can only use a finite number of base vectors. We will therefore choose a system Hilbert space large enough so that even at the highest temperatures the probability of finding the particles in the highest energy levels is approximately zero. We do this by iteratively increasing the size of the system Hilbert space until at least five energy levels have a population less than 10 −15 . In case of the monatomic molecule a system Hilbert space of around 40 levels is large enough to reach around 5 times the Debye temperature, i.e., sufficiently into the classical regime, whereas in case of the diatomic molecule a size of around 1600 (40×40) levels is sufficient to cover the same temperature range. In junction systems, since the cross-sectional area of the system interacting with the bath is not well defined, we can not define the thermal conductivity of the system. Hence in such cases we define thermal conductance as,
In order to numerically evaluate the thermal conductance we choose a small temperature difference between the two baths such that the limit in Eq. (31) becomes valid. For all the systems considered in this work we find that a temperature difference of 10% is optimal and even if we decrease the temperature difference further the conductance of the system does not change.
V. RESULTS FOR THE HEAT CURRENT
A. Heat current for the monatomic molecule
Duffing oscillator model
We will first look at the Duffing oscillator δ = −1 (Model 1a). Since it is a double well under no limiting case can this model be compared to exact solutions. Besides to the best of our knowledge it has not been looked at from the point of view of thermal transport. λ0/k0 has dimensions of (Å 2 amu) −1 .
height of the double well potential is inversely proportional to λ 0 and thus when λ 0 /k 0 = 0.01 (Å 2 amu) −1 the particle remains confined to either one side of the barrier (indicated by the nearly degenerate eigenvalues in table (I)), whereas in case of λ 0 /k 0 = 10.0 (Å 2 amu)
the barrier is so low that the molecule simply experiences a quartic potential. Both these cases may be considered as the molecule experiencing only a quartic on-site potential. In these cases no NDTC behavior is observed in the quantum or classical regime. els are quite close, ∼ 12.5meV (130 K). This is the exact temperature range at which the thermal conductance increases sharply indicating that the bath modes corresponding to that energy difference start conducting heat. In between 100 K to 300 K since the third energy level is quite far apart only the modes having energy corresponding to the energy difference of the first two energy levels transfer heat and thus the heat current nearly saturates showing NDTC. This claim is also supported by looking at the populations at 210 K which indicate that the third level has now started gaining some finite population. Then other energy modes will be allowed through the system causing the thermal conductance to again increase with temperature above 300 K. For other intermediate values of λ 0 /k 0 = 0.5; 1.0 (Å 2 amu) −1 the lowest lying energy states are above the potential barrier and hence in the quantum regime they do not experience the effect of the barrier. However, in the classical regime the molecule experiences the full potential, which includes the small barrier. Hence in the quantum regime no NDTC is observed, whereas a small NDTC is present in the classical regime. and TR = 0.9TL. λ0/k0 has dimensions of (Å 2 amu) −1 .
φ 4 model
Now we will look at another model of the monatomic molecule known as the φ 4 model or the quartic on-site potential model (Model 1b; δ = +1). This model can be physically realized as a monatomic molecule interacting via non-linear interaction with a substrate. For this quartic on-site potential model in the limiting case of λ 0 = 0, the system becomes purely harmonic and we can employ NEGF techniques using the Landauer formula to evaluate the heat current as shown in Appendix. The Landauer formula is applicable only in the steady state for harmonic systems but its advantage is that it is applicable for all coupling strengths. Fig (3a) shows the heat current I L calculated via Landauer formula (Black curve) and our heat current formulation of Sec. III (Red curve). The inset shows the heat current as a function of the dimensionless system-bath coupling strength squared (ǫ 2 /k 2 0 ). We see that both curves exactly overlap in the weak systembath coupling regime, i.e., up to ǫ = 0.1k 0 for the entire range of temperature showing excellent agreement between the two approaches in this limit. For this specific harmonic case we have also compared our work to that of Segal 14 who obtains an analytic formula for heat current and we find excellent agreement between her approach and ours.
Next we study the behavior of thermal conductance as a function of temperature (T = (T L + T R )/2) for varying strengths of non-linearity as shown in Fig. (4) . It can be seen that even with the slightest amount of non-linearity the system behaves quite differently as compared to the harmonic case. The non-linearity does not change the behavior only in the high temperature (classical regime) but also changes the behavior of low-temperature thermal conductance (quantum regime). To the best of our knowledge the effect of strong non-linearity in the quantum regime has not been studied and this simple system demonstrates that even in the low-temperature regime the non-linear forces can not be neglected.
B. Conductance for the diatomic molecule
Similar to the monatomic case we will first look at the case of the diatomic molecule trapped in a double well potential (δ = −1) where the atoms of the molecule interact only via a harmonic interaction (λ = 0). We vary the height of the barrier by varying λ 0 and plot the conductance as a function of temperature in Fig. (5) . Similar to the monatomic molecule case we observe NDTC in the quantum as well as classical regime for intermediate values of the strength of the non-linear potential.
An analysis similar to the monatomic molecule case can be made with the eigenvalues and the populations shown in table (I). 
the quantum regime because only for this value the barrier is neither too high nor too low and hence the molecule can tunnel through the barrier since the eigenvalues are just below 0.0 eV (barrier maxima) as seen from table (I). The diatomic molecule brings another interesting aspect, i.e., the role of anharmonic interactions between the two connecting atoms. The anharmonic spring (λ = 0) plays a small role in determining whether the system shows NDTC or not and it simply shifts the thermal conductance in the high-temperature regime to a lower value as compared to the harmonic spring. This behavior is somehow expected since anharmonic interaction between the atoms leads to more scattering causing the thermal conductance to decrease as compared to a harmonic interaction. Thus by looking at the monatomic and diatomic case it seems that the NDTC behavior in such double well potentials can be tuned by solely varying the barrier height (λ 0 ) and the number of atoms or anharmonicity in the system seem to play a small role. Now we will look at the FPU-β model with δ = +1 where we will first compare the heat current in a purely harmonic system (λ = 0 and λ 0 = 0) by our heat current formulation to the Landauer formula (Fig. (3b) ). The inset shows the current as a function of the dimensionless system-bath coupling strength squared (ǫ 2 /(k 0 +k) 2 ). Again for weak system-bath coupling, i.e., up to ǫ = 0.1(k 0 + k) there is an excellent agreement between our heat current formulation (Red) and the Landauer formula (Black) on the entire temperature range. Now we first switch on the anharmonicity, i.e., vary the parameter λ and set the non-linear on-site potential to zero i.e λ 0 = 0. Fig. (6) shows the effect of anharmonicity on the thermal conductance. Compar- ing Fig. (4) and Fig. (6) we see that the behavior of thermal conductance as a function of temperature for a non-linear on-site model and an anharmonic model is very different. For example in the low-temperature regime the behavior of thermal conductance for an anharmonic diatomic molecule is same as that of a harmonic diatomic molecule. In Fig. (7) we plot the lowtemperature thermal conductance for some combinations of non-linear on-site potential and anharmonicity for the diatomic molecule. Clearly only when we have nonlinearity present the behavior of low-temperature thermal conductance differs from the harmonic case proving that the low-temperature behavior of thermal conductance is strongly affected by non-linearity, whereas anharmonicity plays almost no role at low temperatures. We would like to end this section with a few words on the specific heat of the systems considered in this work. Since specific heat of a solid is closely related to its thermal conductivity (κ = 1/(3V ) k c k v k l k , where c k is the specific heat, v k is the phonon group velocity, and l k is the mean free path associated with mode k and V is the volume of the solid) one expects a similar relation should hold even for the thermal conductance (σ). The quantum correction method [42] [43] [44] is typically employed to relate the thermal conductance and the specific heat of the system. Although this approximation might not be valid for all temperatures 45 , in the low-temperature regime since the group velocity (v k ) can be approximated as a constant we get σ ∝ C v . In case of the φ 4 model the low temperature specific heat 46 shows similar behavior to the thermal conductance but at high temperatures the specific heat of φ 4 model shows a negative slope which is not observed in the thermal conductance indicating the role of the phonon group velocity. In case of mono-and di-atomic particle 6). λ/(k0 + k) and λ0/(k0 + k) have dimensions of (Å 2 amu) −1 .
in a double well potential the physics behind the doublepeak structure in the thermal conductance is similar to the Schottky anomaly of specific heat, which has been mainly studied for magnetic systems 47, 48 . Thus in case of anharmonic systems by observing the specific heat of materials it might be possible to predict features in the thermal conductance making it easy to choose materials for phononic devices.
VI. CONCLUSION
We have presented a fully quantum-mechanical "nonMarkovian" theory based on standard perturbation theory to evaluate heat current in general anharmonic systems. Our theory is valid for any strength of anharmonicity and can be easily applied to any potential as long as the system-bath coupling is weak, i.e., up to 10% of the spring constant of the harmonic oscillator. Using this method we investigated thermal transport in monoand di-atomic molecules confined in a double well potential and found that in this purely non-linear model we can tune the NDTC by simply varying the height of the barrier which is essential to make phononic devices to control the heat current. We also investigated the monatomic molecule having a non-linear on-site potential and found that non-linearity affects the thermal conductance not only at high temperatures but also at low temperatures. In case of the diatomic molecule we found that in the low-temperature regime anharmonicity plays no vital role and the behavior of the thermal conductance is similar to the harmonic case. In order to quantify this statement we added a non-linear on-site potential to our diatomic molecule and found that the low-temperature thermal conductance deviated from the harmonic case proving that at low temperatures non-linearity can drastically affect the thermal conductance of the system. The technique presented here allows us to deal with any form of the system potential enabling us to study not only the phonon-phonon interactions from a fundamental point of view but also to explore systems of potential technological interest from the point of view of phononics. Although we have laid stress on the steady state thermal conductance in this work one important aspect in the field of phononics would be to study the effects of external fields on transient behaviors of purely non-linear systems which would enable us to control heat current and build better phononic devices.
where J L,R (ω) is the spectral density of the bath. Using Eq. (32) the thermal conductance defined in Eq. (31) is given by,
If the system Hamiltonian consists of a single harmonic oscillator (Eq. (29)) and both the baths couple to the system with the same spectral density i.e J L (ω) = J R (ω) = J(ω) the transmission co-efficient is given by,
